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Stochastic Processes for Bounded Noise*

Giovanni Colombo," Paolo Dai Pra,’ Vlastimil Kfivan,! and Ivo Vrkod$

Abstract. The scalar differential inclusion
x(0) = xo (0.1)

is considered as a model of the dynamical system X = f(x) perturbed by the
bounded noise g(x)u, u € [—1,1], and the problem of constructing a nontrivial
probability measure on the set % of solutions to (0.1) is studied. In particular, it
is shown that:

xef(x) +g(x)u, uel-1,1]

(i) every Markov process whose probability measure is supported on & is
degenerate, in a sense to be specified (see Theorem 3.1);

(ii) given a flow of probability measures y, on the reachable sets R, of (0.1),
satisfying a certain compatibility condition, a Markov process X; is con-
structed such that its marginals are exactly g, and (0.1) is satisfied “from
one side” (see Theorem 4.1); its finite-dimensional distributions are com-
puted and the regularity of its sample paths is investigated (see Section
5.2);

(iif) given a process of a type previously considered, another process Y; is con-
structed through its finite-dimensional distributions, and its distribution is
shown to be supported exactly on .&.

Finally, a model example is considered (see Section 7).
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1. Introduction

This paper deals with the modeling of a dynamical system with uncertainty. We
restrict ourselves to systems described by a scalar differential equation, with the
uncertainty acting as a parameter within the equation. In this section, for the sake
of clarity, we assume that the noise appears linearly in the equation, namely,

x = f(x)+g(x)u. (1.1)
Throughout the paper the general case
x=F(x,u)

will always be treated. We think of (1.1) as the ordinary differential equation
x = f(x), which we call the deterministic part of (1.1), perturbed by the “noise”
g(x)u, u being a parameter possibly belonging to an infinite-dimensional space.
We require f to be at least Lipschitz continuous, in order to have global existence
and uniqueness for the unperturbed equation. A difficulty of the model is how to
make g(x)u represent a noise. There are several different approaches to this task
(see, e.g. [6], [13] and [14]), each of them being possibly preferable in some sit-
uations.

The first model consists in taking a white noise process in place of u. This idea
is classical and brought to innumerable applications. In this way, (1.1) is no
longer an ordinary differential equation, because u is no longer well defined as a
function: (1.1) becomes indeed a stochastic differential equation. The only infor-
mations which can be obtained from it are statistical properties of the solution,
which is a stochastic process. This approach has been questioned, in some sit-
uations, because the statistical properties of the white noise may not be suitable to
describe the observed noise. Some discussions of this problem in the field of theo-
retical population biology, for example, can be found in [9], [15], [1] and [16].

The second approach consists in considering (1.1) as a random differential equa-
tion. Now one chooses u = u,(w) as time functions, depending on a parameter ®
in a probability space (Q, #, P); u,(w) must be regular enough to let (1.1) be an
ordinary differential equation, for a.e. @, and so generate a probability on the set
of solutions. This approach seems to be the most natural and general one; on the
other hand, it has not reached the same range of applications as the previous
approach (see, however, [14]). The problem consists first in finding a process u,
which realizes the observed noise. Secondly, the joint distributions of the solution
process can very rarely be computed (see [14]), and this process is almost never
Markov. Therefore, the statistical properties of the solution process are difficult to
derive.

The third approach may be called the “unknown deterministic noise”’. The
noise u# = u, is thought of as an unknown function, possibly satisfying some con-
straints, but no statistical properties are assumed. A special but relevant case of
the deterministic approach is when the noise is constrained to take a value in
given sets (see [13], [6] and [10]). In particular, we assume that the noise is norm
bounded, with an a priori given bound. In this setting, this approach consists in
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taking u as an arbitrary measurable function, with values in a prescribed interval
(or bounded set), say [—1,+1]. Now, for any choice of u(), (1.1) is an ordinary
differential equation; (1.1) can be seen as a control problem, or, equivalently, as
the differential inclusion

xef(x)+g(x)[-1,+1]. (1.2)

This model is deterministic, if one thinks of the set of solutions as a whole, and it
provides an estimate about where the actual trajectory may be found. Interest in
this type of model has been increasing in the last years: this approach seems to be
conceptually easy and rather general. However, it does not allow, as it is, any
probabilistic treatment.

In this paper we explore the possibility of probabilistically describing a dynam-
ical system perturbed by bounded noise, i.e. the (scalar) differential inclusion (1.2),
under minimal statistical assumptions on it.

We start with a negative result (Theorem 3.1): any Markov process X, such that
a.s. its sample paths are solutions of (1.2) must be degenerate, in the sense that X;
is a deterministic function, possibly time-dependent, of X;.

Then two possibilities are followed. First (Sections 4 and 5) we consider the
case where just one of the differential constraints of (1.2) is active, e.g. the upper
one, but keep the requirement that the process we want to construct be Markov;
moreover, we want to a priori assign the marginals of X;: this will be the only
statistical assumption on (1.2) we make in this framework. We must relax the
Lipschitz continuity of the sample paths, so that the differential constraint has to
be interpreted in a suitable way. More precisely, we look for a Markov process X,
such that a.s.

Xeon < 05 (X)), Vt,h >0, (1.3)

where ¢ () is the maximal solution of (1.2) such that ¢ () = y. The existence
statement reads: given a flow of densities p,(¢) on the reachable set of (1.2) sat-
isfying a necessary and sufficient compatibility condition with f and g, we con-
struct a strong Markov process, which satisfies (1.3) and whose marginal densities
are exactly p,(&). The idea of the construction came from a natural definition of
joint distributions (see (4.7)), taking into account reachable sets of (1.2); then, from
the two-dimensional distributions one can compute the transition probabilities,
and prove the existence of the process by checking the Chapman—Kolmogorov
identity. Moreover, we show (under some regularity of p,) that all trajectories
are cadlag and only finitely many downwards jumps may occur, in any interval
0 < s < t; moreover, X; behaves deterministically between jumps, in the sense that
if T) and T, are two subsequent jump times, for e [T}, 7T) it holds that
X, = gottTl (X7,). In other words, X; is a piecewise deterministic process. However,
it has some properties which distinguish it among all such processes (see [5, Sec-
tion 2], [8, Section III] and [7]): first, it is not necessarily homogeneous, second, all
joint distributions as well as the transition probabilities have an explicit expres-
sion. Knowing all joint distributions permits the explicit computation of the prob-
ability that X, remains below a solution of (1.2), as well as an approximation of
the probability of extinction at a given time (Section 5.3, Section 7). Obviously, an
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entirely symmetric construction can be performed with the minimal solution in
place of the maximal.

The second possibility is giving up the Markov property, and constructing a
process whose trajectories are solutions of (1.2). Of course, there are many such
processes, at least for particular choices of f and g; for example, the telegraph (or
Kac) process, whose trajectories are a.s. polygonal solutions of x € {—1,1}. Our
contribution is the construction (Section 6), for any process X, satisfying (1.3), of
a process Y; associated with it, whose distribution Q is supported on the whole set
of solutions of (1.2), and such that all of its joint distributions are known. To the
best of our knowledge, Y; is the only nontrivial stochastic process with Lipschitz
trajectories whose finite-dimensional distributions have an explicit expression. This
fact permits us to compute the law of the derivative process Y;, as well as to
compute the probability that Y; remains below a given solution of (1.2), and to
approximate the extinction probability.

Finally (Section 7), some explicit computations for the model case x € [—1, 1],
x(0) = 0 are presented, both for X; and for Y;; Section 2 contains some basic nota-
tions and results.

In order for these processes to be effective tools for modeling dynamical
systems with bounded noise (only bounded from above for the process X)), a
deeper analysis of them is desirable. In particular, laws of jump times of X, and
of Y;, as well as the construction of X; given jump times and of Y, with pre-
assigned marginals, are facts of some interest. Forthcoming papers will be
dedicated to the above properties, together with a construction of both X, and
Y, with given marginals without density. Moreover, an interpretation of the
process Y, as driven by X; will be provided, so that Y; may model, for example,
the evolution of a population depending on some good X;, subject to random
catastrophies.

2. Preliminaries

First, a few symbols and notations are presented. If I" is a multifunction from a
set 4 into a set B, we denote its graph by graph(I') = {(x,y) € 4 x B: y e T'(x),
x € A}. We write 14(-) as the characteristic function of a set 4. Given a,b € R
we write a A b:=min{a,b} and a v b:=max{a,b}. The unit mass concen-
trated at z € R is denoted by 0.(dx). The product o-field generated by Lebesgue-
measurable and Borel-measurable subsets of IR is indicated by ¥ ® %. The con-
vex hull of a set 4 is denoted by co 4.

Lemma 2.1. Let U be a compact metric space, and let F: R x U — R be a contin-
uous function, with F(- ,u) Lipschitz uniformly in u. Set F*(x) = max,cy F(x,u),
F~(x) = min, .y F(x,u). Then the maps F* F~ are Lipschitz, with the same con-
stant as F.

Proof. Assume F to be L-Lipschitz and fix x, y € R. Let u*,v" be such that,
respectively, F*(x) = F(x,u"), F*(y) = F(y,v"). Assume that F*(x) > F(y).
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Then F(x) — Ft(y) < Ft(x) — F(y,u") < L|x —y|. If F*(x) < F*(y), it suffi-
ces to interchange x, y,u™, v". The same argument holds for F~. |

Consider the (scalar) differential inclusion

x = F(x,u), ueU, (2.1)
with initial condition
x(0) = y. (2.2)

Fix 7 > 0 and call ¥(y) the set of Carathéodory solutions of (2.1), (2.2) on the
interval [0, T'], i.e. the set of all absolutely continuous functions which satisfy (2.2)
and, for a.e. ¢, (2.1); we recall that #(y) is bounded in ¥°(0, T), endowed with
the sup-norm topology; the reachable set at time ¢ is indicated by R,(y). When the
dependence on y is dropped, we mean that y = xj is the initial condition, fixed
once for all. The minimal and maximal solutions of (2.1), (2.2), which (for ¢ > 0)
are the solutions of x = F~(x) and of x = F'(x), x(0) =y, respectively, are
denoted by ¢~ (»), ¢ (). We observe that both the maximal and the minimal
solutions satisfy the semigroup property ¢; (¢ (y)) = ¢;,(»). Moreover, maxi-
mal and minimal solutions can be considered also backwards in time, by inter-
changing F* with F~; in particular, if s < ¢, ¢, (p;_,(x)) = x for all x.
The following simple lemma is the fundamental tool for our constructions.

Lemma 2.2. LetO<t;<---<t,<T,Xxy,...,x, € R be such that
xiz¢p,  foral i=1,... n (2.3)
Then problem (2.1) with the initial condition
x(0) = xo (24)
and the constraints

x(t) < xi, Vi=1,...,n, (2.5)

has a set of Carathéodory solutions with a unique maximal element, denoted by
o (t1, .., ta; X1, ..., Xy), which is nondecreasing in each of the variables xi, ..., x,
and is Lipschitz in (t1,...,ty;X1,...,X,). Symmetrically, if x; < ¢; the problem
(2.1), (2.4) with the constraints

X(l,‘)ZX,‘, Vi=1,...,n,

has a set of Carathéodory solutions with a unique minimal element, denoted by

@, (t1, .., ta; X1, . .., Xy), Which is nondecreasing in each of the variables xi, ..., x,
and is Lipschitz in (t1, ..., 0 X1, ..., Xp).
Proof. Set 7 =0 and define, for i =0,...,n, x'(-) to be the maximal Car-

athéodory solution of (2.1), with the initial condition x(#;) = x;, i.e. the solu-
tion of
X = Ff(x), X(li) = Xj, for 1< t;,
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and of
X = F+()C), X([i) = X;, for > 1t.
Set
@ (ty .ty X1, X)) = min{x'(£) 1 i = 0,...n};

then ¢ is clearly a Carathéodory solution of (2.1), which satisfies (2.5); by (2.3),
(2.2) holds too. Moreover, ¢t is maximal, because if i is any solution of (2.1),
(2.2), (2.5), then y(r) < x(¢) for all € [0, T] and for all i =0, ..., n. Uniqueness
and monotonicity follow directly from maximality, while Lipschitz continuity is
obtained from the Lipschitz dependence of x’ on the initial conditions. The proof
for the minimal solution goes along the same lines. |

3. Markov Processes with Absolutely Continuous Trajectories

The statement “every homogeneous strong Markov process on the real line with
a.s. continuous trajectories is a diffusion” can be found in several references (see,
e.g. [12]). This fact suggests that a homogeneous strong Markov process with
Lipschitz, or absolutely continuous, trajectories must be in some sense degenerate.
Since we deal with not necessarily homogeneous processes, we find it easier to
prove directly a simple degeneracy property, which forbids Markovianity to pro-
cesses in R” which may be reasonable candidates to model bounded noise.

Theorem 3.1. Let (Q,7,%;,,X,, P) be an R"-valued Markov process such that,
a.s., t — X, is absolutely continuous. Let T > 0 be fixed and let

C= {(a), 1 eQx[0,T] :]li%%ft(w) exists}.

Then (P® A)(C) =T and there exists an F-adapted stochastic process V, such
that X,(w) = V,(w) for all (w,t) € C. Moreover, there exists T: [0, T] x R" — R",
with T(¢t,-) Borel-measurable for all t, such that a.s. X, is a Carathéodory solution
of the ordinary differential equation

i =T(t,u). (3.1)

Corollary 3.1. Under the same assumptions of Theorem 3.1, for all t,x it holds
that
P(Viey+dy| X, = x) = 0r(,x(dy).

Therefore, there cannot exist any Markov process associated with a differential
inclusion, in the sense that the support of P(X;ey+dy|X;) can be multivalued
only on a (w, t) set of (P ® A)-measure zero.

Proof of the Theorem. By the continuity of the trajectories, the process X, is
jointly measurable. Let C;, ={w: (w,t)e C}, C, ={t:(w,t) e C} and dP =
dP ® dZ. Observe that C; is Z-measurable for all 7. By the absolute continuity
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assumptlon A(C )= T for P-almost all w. Therefore, by Fubini’s theorem
= [A(C,) dP = fo (C,) dt, whence P(C) =T and P(C,) =1 for ae. te
[0 T} Set
lim thl/n(w) B X,(CO)
Vi(w) = " —1/n
0 if o¢Cy

if wedC,

(3.2)

by the above remark, V; is #;-adapted. Now, since X, is Markov, for all ¢, > 0,

Xin — X’J_e%7
h X,

where Ly means conditional independence given X;; by passing to the limit as
h — 0, we obtain for all ¢,

Since V; is Z;-measurable, this implies that ¥; must be (X;)-measurable. There-
fore, there exists I': [0, 7] x R" — R", Borel-measurable in the second variable,
such that, for all 7, V; = I'(¢, X;). Fix now w such that X.(w) is absolutely contin-
uous. Since X;(w) = V,(w) for a.e. t € C,, it follows that X.(w) is a solution of
(3.1). ]

4. Construction of the Markov Process

We consider the initial value problem

{x(z)zF(x,u), ueU, (4.1)

x(0) = xo,
together with a flow {g, : 7> 0} of locally finite measures on R. We recall

that R, denotes the reachable set of (4.1) in time ¢. The following assumptions
hold:

(H1) F is continuous, F(-,u) is Lipschitz, uniformly with respect to u, and
Ft—F >0onlJ, ,R;

(H2) the measures x, admit a density p,(-), positive on (¢, , ¢;"); the functions
pi(x) are (£ ® #)-measurable in (¢, x).

Remark. Assumption (H1) is satisfied if F(x,u) = f(x) + g(x)u, ue[—1,+1],
f,g are Lipschitz, and g(x) > 0 on (), R;.

We set, for given times 0 = #) < t; < --- < t, < T and points xy, ..., X,

Xo = X0, Xi+1 :min{xf+17¢;:rlfti(xi)}7 i:Oa"'7n_ 1.

We begin by defining a candidate to be a probability kernel.
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Definition 4.1. We define, for all 0 < s <, a.e. y € (¢, ,9]),

_p0 () mleryl 4,
ACYI =000 o0 & )

and assume
A(t, y,s) <1, Vt, s, a.e. y.

We set also A(¢, xp,0) = 0 for all £ > 0. We define also, for 0 < s < ¢,
P(dx,t; y,s)

#,(dx)

= A(t, y,5)0,+ dx) + 1 — A(t, y,9)|1 (- o+ X) —————
( y ) (ﬂt—.s(y>( ) [ ( y )] ((ﬂrth—:(y))( )ﬂ;(ﬁﬂfaﬁo;i;(y)]

)

forae. ye(p;,0)),
ﬂr(dx)
P(dx, t; x0,0) = 11, o (x) 2
( ) ((ﬂ,,w,)( )M;((PF,(O;r)
and

o+ (dx) for y > (pj,

P(dx, t; y,5) = {5%.\@) y ; 5
or () (dx) or y<g;.

(4.6)

Remark. The requirement (4.3), which is necessary and sufficient for P(dx, t; y, s)
to be a probability measure, since 4 > 0 for all (z, y,s), is a kind of compatibility
between the dynamics and the flow of measures; sufficient conditions for it are
given in Section 5.1. Observe that the definition of P(dx,; y,s) makes sense
because ¢, (y) is a.e. differentiable with respect to y (see Lemma 2.1) and because

the reachable set never collapses to a singleton.

The construction is carried out by showing that the above defined probability

kernels P(dx, t; y,s) satisfy the Chapman—Kolmogorov identity.

Theorem 4.1. Let xo € R, F and y, be given satisfying (H1), (H2) and (4.3). Then

there exists a Markov process X,, which satisfies the following requirements:

(M1) Xo = x a.s.;
(M2) forall t > 0, B < IR measurable,

B - ot
P{XZGB}ZM( m(jﬂt fﬂz));
IAUAN7S)

(M3) forallt,h >0
P(X[+h S gﬂ;(Xt)) = 1.

Moreover, the joint distributions of the process are given by

n

M (975 2

FN.tn(Xh...,x): .
5 Y (o e ()]

4.7
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Before proving the above statement we need a lemma, whose proof is a simple
computation, and is omitted.

Lemma 4.1. Let G: R — IR be bounded and measurable. Then, for a.e. ye€
(05, 0)),

g bod | aleno] (e
JG(X)P(dx’ h )_ps(y) dy [uf(rﬂ:,fﬂfs(y)] L e )1'

Proof. Step 1. We show first that the probability kernels P(dx, t; y, s) satisfy the
Chapman-Kolmogorov identity, i.e. for every G bounded and Borel measurable
0<t<s<tzelR,

J U G(x)P(dx,t; y, S)] P(dy,s;z,7) = J G(x)P(dx, t;z,7). (4.8)

By Lemma 4.1, recalling the semigroup property of the maximal solutions ¢, it
holds that

j“ Gx)P(dx, 1 y,s)] Ply52,)

—— di{%(’;i(f’;;izn JWT(Z) U G0 Pl y’s)]psm dy}

s

1 i (97,2
(o5 s o (2)]

N I SO N KRS
x J - dy Lt,(fﬂ,»w?_s(y)] L, ol )] dy}

1 d{ A A ) J(ﬁr@ G(x)ﬂz(dx)}-

p.[(Z) E ﬂs(?v_’(o;tr(z)] ﬂt(¢?7¢tf(z)] (2
The proof is concluded.

Step 2. We call X, the Markov process whose transition probability is given by
(4.4). Then (M1)—(M3) are immediately implied by the expression of the transi-
tion probability.

Step 3. Property (4.7) holds.

Proof. We proceed by induction on n. For n = 1 the result follows from the fact
that, for z > 0,

#,(dx)

P(dx, t;x9,0) = ———.
( 00) w07, 0f)
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For general n, notice that

Ftl...tn()q, .. ,Xn)

1 X1
:ﬁj P(X, < xa,., X, < x| Xy = &)y, (dEr)
H (975 90) o,

= (by the Markov property)

1
o, (9, 01)

Jll
@
= (by Lemma 4.1)

1 J%I 1 d (975 1]
:utz(

X2
J P(Xy, <x3,..., X, <x | X, = fz)P(dfz,fz;fl»ll)]ﬂrl (d&y)

?i

1 (035 08) Do P (E1) dEr |, (0ry, 0 (E1)]
XZA(ﬂL;—II (él)
: J P(X13 < X350, X, <X | X, = fz)/ltz(dfz) Py (él) dé,
“

1 Hy (91,5 11]
(015 08) 14, (01,5 02—y (1))

12

: J P(Xy, <x3,..., X, < x| X, = fz)ﬂzz(dfz)

o

ARV A (N 97
(075 08) 1, (00— (1

)] F[Z...fn (Xz, X3,... ,xn)

= (by inductive assumption and noticing that y, < (p:)

_ My (9] 7P (7 2 B VN (i Y M (075 2]
te, (01,00 ] 1 (005 05— )] 1 (05 08) 23 1,01 0 -, (K1)

n

_ M (975 2
i=1 :ut,-((pgﬂ ¢:7t,,] (Xl)]

The proof is complete. u

Remark. For p, =1, the one-dimensional distribution becomes (obviously), for
X1 S Rtl 5

X1 — @,
Fy(x) = ——n
! o — o,

ie. if x; € Ry, P{X, < x} is the ratio between the length of the interval [p;, x1]
and the length of the reachable set at time #;, otherwise it is 0 or 1; the two-
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dimensional distribution has a similar form:

X2 A g, (x1) =@,

P50 (1) — 95,

Flllz(xth) = Fll (X])

)

1.e. if x, is reachable from [(p;, x1] in time 7, —¢; (we assume x; €int R;),
P{X,, < x2| X;, < x1} equals the ratio between the length of the interval [p, x2],
and the length of the reachable set at time ¢, — ¢, from [go,’l, x1], otherwise it is 1.
Higher-dimensional distributions behave analogously.

5. Study of the Markov Process X,

5.1. Condition (4.3)

We begin by observing a necessary condition that any stochastic process satisfying
(1.3) must enjoy.

Proposition 5.1. Let (Q, 7, P, X,) be a stochastic process satisfying a.s. (1.3) for
all h,t > 0. Then, for all y € (¢, , ¢}),

P(Xo < 0} () = P(X; <), (5.1)
Proof. By Lemma 2.2, the event {X, < y} is contained in {X, ., < ¢; (y)}. ®
It is easy to see that condition (4.3) implies (5.1).
Remark 5.1 (Sufficient Conditions for (4.3)). Condition (4.3) is equivalent to

PR/ 6))

— nonincreasing.
#s(5 5 ¥l

Observe that k is the ratio between the measure of the reachable set in time ¢ — s
from the interval (¢, , y], and the measure of that interval.

Assume now that F* is of class 4! (e.g. F = f+g¢, f,g of class €'), and let
p: = 1. Since, for all y € (p;,¢1), A(s, y,s) = 1, a sufficient condition for (4.3) is

%A(l, »,8) <0, Vix>s, VYye (o, 0)). (5.2)
It holds that

=(y—o;)exp (J; F (g7 () dr)

FY(ol )0l () —0r) = Fr ol () + F~(07)
(0 s(») — o)’
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Thus, recalling (H1), a sufficient condition for (5.2) is y — F*(y) concave down,
in particular, F(-,u) is linear.

We observe also that (4.3) is violated, for ¢ close to the explosion time, in the
case F(x,u) =x>+u, ue[-1,1], p, =1, xo = 0; this example does not satisfy
the assumption of the global existence of solutions to (4.1), but can be easily
localized.

Remark 5.2 (Existence for Small Time). Condition (4.3) is satisfied by any
F, p, regular enough, provided ¢ > 0 is sufficiently small. Indeed, (4.3) is equiva-
lent to
wloy, vl d . 1o 0o (0)]
-0 _\Y) = . 5.3
nln) a’ ) Pilois(¥)) 53

Assume F* and p, are of class ' on [ ~olty x (97, 9) (the assumption on
F* holds if, e.g. F(x,u) = f(x) +g(x)u and both f and g are '), and that
lim inf, o4+ v—0 xer, Pi(x) >0, (d/dx)F* is bounded around xo, and F*(xy) >
F~(x9). Set m(t) = max{(d/dy)F*(y) : y € R;}. By developing around ¢ = s, for s
close to 0, (5.3) is equivalent to

(r =0 +o(y =o)L +m(t —s)(1—s) + ot =)
<y—os U =)F(y) = (t=5)F (p;) +o(t =),

which is implied by (y — ¢, )m(t —s) < F"(y) — F~ (¢, ). Since y € (¢, ,¢), the
above inequality is satisfied for all s > 0 sufficiently small.

5.2. Regularity of Sample Paths

The trajectories of the process are a.s. continuous at ¢ = 0 by construction. We
state also the following:

Theorem 5.1.  Assume that (t,x) — p,(x) is continuous on U,Gw T]{t} X Ry, and
that F* is of class €' on the same set. Then there exists a version X; of X, such
that, with probability 1.

(1) Forall te[0,T],h >0, X,y < g (X;).

(2) X, has only jump discontinuities, and its sample paths are right continuous;
moreover, X, is a Feller process, so that it has the strong Markov property;
furthermore, for all t € [0, T, X+ = X, < X,-, so that jumps may occur only
downwards.

(3) Let 0 < S < T, and define T = inf{te (S,T): X, < ¢ (Xs)}. Then

PX. <X |t<T)=1 aus,
i.e. X, follows the maximal solution between jumps.

(4) The number of times X, jumps in [S, T|, with 0 < S < T, is finite with proba-
bility 1.
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Proof. Properties (1) and (2) are proved together. Suppose X; is a Markov pro-
cess defined on some probability space (Q F , P) with transition probability (4.4).
It follows from (4.4) that there is N € & such that P(N) = 0 and

X < (o,’:(Xt) forall wé¢ N, (5.4)
forall1,he @, t€[0,T],h > 0. Note that, for any t € [0, T,

Iim X,

s—tt,5eQ

exists for all w¢ N. Indeed, fix 1€[0,7) and assume, by contradiction, that
limg_+ seq Xy does not exist. Then there exist # > 0 and sequences of rationals
th | t, T, | tsuch that X; > X, + # for all n, contradicting (5.4). Thus define, for
tel0,T), w¢N,

X(w)= lim X

s—tt,5eQ

note that X,(w) is automatically right continuous for @ ¢ N, and (5.4) holds
for X, for any t,h > 0. We now show that X, and X, have the same finite dis-
tributions; so, in particular, X; is Markov with transition probability (4.4). Let
Fyoy(x1,...,x,) = P(X,, < x1,...,X, <x,). Note that, by (4.7) and continuity

of ps, Fyy..i,(X1, ..., Xy) is continuous in (#,...,1,), and so
Fio(x1,...,x0) = Hm  Fy o (x1,...,%), (5.5)
St ey Sultn
where s, ...,s, vary in Q. Moreover, by definition of X, and dominated conver-
gence
Foo(x1,...,x) = lim P(X5, <xp,...,X;, <Xpn)
Sty Sultn
= lim Fy 5 (x1,...,%). (5.6)
Sty Sultn

The conclusion follows from (5.5) and (5.6). We now show that, for w ¢ N, the
path X,(w) has the left limit in any point. This is proved as for the right limit:
nonexistence of the limit would violate (5.4). To complete the proof of (2) we still
have to show the Feller and the strong Markov property. First we prove that
P{X, > ¢, ¥t >0} =1. Indeed, {X;>p; ,V1>0}= U o{Xi=0, +7,
Vie (0,T]} = ﬂT>0 U,20 Q7. Tt is easy to see, by (4.7) and the regularity of
sample paths of X, that sup,.o P(Q,,7) =1 for all T. The Feller property now
follows from Lemma 4.1; this, together with right continuity, implies the strong
Markov property (see pp. 5657 of [3]).

For the proof of (3) and (4), refer to [4]. [ |

Remark 5.3 (The Infinitesimal Generator). By assuming, essentially, that the
densities are of class %!, a formal computation of the infinitesimal generator can
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be performed. We omit the details. We consider the derivative
d
(L.6)() = G || 6t P(ax. 53,9
[t=s

for s > 0, y € R and assume that G is of class €'. For s >0 and y e (p;, 7)) it
holds that

(LSG)()/) _ G/(y)¢8-(y) — %ISA(Z, S, )/) Jy [G(X> - G(y)]% dx.

The expression of the generator is compatible with the properties of X; which have
already been proved, and suggests further ones. However, observe that

0
— = Al
Bts (£, ,5)

diverges at ¢, and is nonsmooth, so that the classical construction of the process
through its generator cannot be performed. A more detailed analysis is contained
in [4].

5.3. Probability that X, Remains Below a Solution of (4.1)

The following computation will be used in Section 6. In this subsection the
assumptions of Theorem 5.1 are supposed to hold, and X; is identified with its
regular version X,. Let ¢ be a solution of (4.1) such that ¢, > ¢, for all 7 > 0. We
want to compute

Pl = P{X, < ¢, V€0, T]}.

By the regularity of the sample paths of X}, it holds that

= lim P{Xyy <., Vk=1,....n},

n—o0
where # = (k/n)T. Now, since ¢, < p7,,(¢.),
P{Xy < gy, k= 1,....n}

= F,;z.“,”n(gz),f, e Pp)
oy (9 9]

i+1 i+1

:0 ((pz” ) (ﬂT/n(¢t” )]

[
':1‘

N

B ﬁ M ((0;7;17¢z;11]
0t (9 00 1+ 1 (9007, (91)]

= i+1

-1 - lut." ((”tl”lv(oJTr/n(for;‘)]
S0\ M G ep Vw0 07,(00)] )

i+1

|
—
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Note that M, (A) = u,n(A) + O(T /n), for all measurable A; therefore,
log P{X[: S (01:,\7]{ = 1,. .. ,I’l}

2! Hyr (Pin s 071 (010)]
— log 1 _ — i i+ -
=0 Hen (90;[.’1“ ) %I"H] + Hyr ((ﬂtl'jH ) (”T/,1(¢t;’)]
B f Her (Pin 071 (010)]
= e, (0 0 1+ 1 (905 07,(020)]

Har ((ﬂt,_"} X ¢;/n(¢f,-")]
+o - _
tor (@ 0 1+ (P05 97, (02)]
L pulep)(F (@) = ¢0)(T/n) + o(T /) o (z)
5 Hyr (@, @,0] + O(T /n)

! pr;’((pt;‘)(F+((/’z‘!’) - ¢z‘.”) T (T)
- - —4o|— | ¢
pary Hyr ((otf ) (ﬂzf] n n

By taking the limit for n — oo we obtain, formally,
JTPt(¢t)(F+((”z) - (‘71) dt)'
0 (o; 9] ’

the above integral diverges to +oo unless ¢, coincides with ¢; in a right neigh-
borhood of ¢t = 0. Thus

T _
1){/1 - exp(—

0 if ¢, <¢f, V>0,

Pl = r Ft(p,) — ¢
v exp(—J Gl 7((”’) %) dt) if ¢, =¢, Viel0,7], 7>0.
0 AN (5.7)

6. The Solution Set as a Stochastic Process

In Section 4 the Markov process X; was constructed in such a way that its density
p: equals a given flow, supported on the reachable set of a differential inclusion.
The construction is based on ratios of measures of reachable sets, but it does not
fully take into account the structure of the differential inclusion: in fact, the family
of joint distributions (4.7) uses the values of the solutions ¢ (¢, ..., ty; X1, .., Xy),
defined in Lemma 2.2, only at certain points. The construction of the present sec-
tion is still based on maximal solutions which are given constraints below, but
uses “all of them™, instead of only their values at nodal points. This permits us to
define a process which is fully compatible with a differential inclusion.

6.1. Construction of Process Y,

We recall that in Section 5.3 the probability that the process X; remains below a
solution of (4.1) was computed. We use it to define a family of joint distributions.
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Definition 6.1. Let0<# <---<t, < T and let xq,...,Xx, be points satisfying

xi€lp ,ofl, i=1....n
We define

Gty (X1, oy Xn) = P{X, < 0/ (t1,..., ta; X1,...,x,), V2 € [0, T]};  (6.1)
Gy, (X1, ..., x,) can be extended to the whole IR” by setting
Gyt (X15 oo Xy o X0) = Gy (X150 X)

for x; > gojl_r, and

for x; < ¢, . Now set ¢, = o (1, ..., ti;x1, ..., x,). Recalling (5.7) we have
T F+ o
Gl‘l“'tn(xla R Xn) = eXp<—J pt(wt)( 7(¢I) wt) dl>7 (62)
0 /‘r(% ;0]

where 79 = 7o(f1,. .., ty; X1, ... X,) = max{t: ¢, = ¢} > 0.

We now show that the family of joint distributions given in Definition 6.1 sat-
isfies a set of consistency conditions. The proof actually uses only one property of
X;, so we state the theorem in the most general case. We will need the following
notation: given a function G(xi,...,x,) and an interval / = [a,b], we define for
k=1,...,n,

AKG(xy, ..., x,)
= G(xla"'7xk—17b7xk+1a"'7xn) - G(xla'"7xk—17a7xk+l7"'7xl1)~
Given intervals I} = [ay,b1],..., I, = [an, by], by applying recursively the above

operation, we have

AL ALG(xy, . x) =Y (D)6, (6.3)

] VY

where v; = (v}, ..., 0/")—with {v/}, running over the 2" possible choices between

as and by, / =1,...,n—and n(v;) equals the number of lower extrema a, among
the coordinates of the vector v; (see pp. 242243 of [11]).

Theorem 6.1. Let X; be a stochastic process such that, for all t,h > 0,

P{Xin < gy (X)}=1. (6.4)
Then the family of functions

Gyt (X1 X0), 0<n<---<t,<T, xi€lp,,0/],

defined as in (6.1) satisfies the following conditions:
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(1) Gy, (x1,-..,Xy) is right-continuous, ie. ifx,(-]) 1 xi, x,w € [p,, 0] for all
i=1,...,n, then

Gy, .1, (xgj), XY = Gy (X))

(i1) ifxf»j) | —oo for some i, then Gy,... (x1,... x<j>,...,xn) — 0; ifxl(»j) 1 400

) X
foralli=1,... n, then Gl].u,"(x(l"), e ,xﬁ,")) —1;
(iii) i x; > (pi(ll,...,l,-,l,t,-ﬂ,...,l,,;xl,...,xi,l,x,url,...7xn)f0r some i, then

Gty (X1 e oo X0) = Gttty (X1« ooy Xim 1y XLy e v o5 Xn);
(iv) let Iy - - - I, be intervals; then
AIII e AZ’G[]”.[”(XI, e ,x,,) Z O
Remark. 1f X, satisfies the condition P{X,.s € (¢, , ¢} (X;)]} =1 (as is the case

of the process constructed in Section 4), then the first part of (ii) can be strength-
ened to

—if xl(j) | ¢, for some i, then Gy,...,, (x1, ... ,x(j)

o xm) — 0.

Proof. (i) The continuity of Gj,...,(x1,...,x,) with respect to (xi,...,x,) is a
straightforward consequence of the continuity of ¢ in Lemma 2.2 and of the
right-continuity of the measure induced by X;.
(i) It is a simple consequence of (6.4) and of the definition of G,...,, (x1,...,Xx;,).
(i) If x; > (0;([1, e iy ity e ey B XYy e X1, Xig 1, - - -5 X ), then, by (6.4),

+ . — ot .
@, ([1,"';t117x17'~~7xn) =, (tla"'7ti—lati+la"'7tnaxl7'"axi—th-lv"',xn)-

(iv) Fix xy,...,x, and let ¢;,...,¢&, > 0. Set also I; = [x;, x; + &]. Thanks to (iii),
it suffices to prove (iv) only in the case where, forall k =1,...,n,

e <op o, (a1),  xtea <ol (o1 +e) (6.5)

Let I; = [x;,x; + &]. The following statement is obviously sufficient to prove (iv).
For the sake of simplicity of notation, in the lemma below we omit writing times
t1,...,1, in the functions ¢™.

Lemma 6.1. For k =1,... n define
Ak = {(x,0) 1 0 (X1 €1y ey Xkt 81y Xy Xk 1y« « o5 Xn) < X
< oF (X1 e, oo, Xpo1 + o1y Xk ks Xkt 1y - - o5 Xn) }
(we mean ¢y = 0) and
B ={(x,0) : x < ) (X1 + &1,y Xk 4 8k, Xkt 1y - -5 Xn) |
where both Ay and By are thought of as subsets of R x [0, t,,]. Then
A,ll e A;’”thm,n(xl, ceey Xp)
= P{graph X. n 4, n--- N Ay # &, graph(X) < Bi}.
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Proof. By induction on k. For k = 1 the result is trivial, since by definition
A}IG(XI, ..oy Xy) = P{graph(X.) n A, # &, graph(X.) = B;}.
We now show the inductive step. First, it is easy to see, recalling (6.5), that
A = {(x,1) st € (t1, trs1), 07 (k1 + &r-1, Xy Xpp1) < X
< 0 (Xk—1 + &1, Xk + &, Xiy1) }

Now fix k < n. For j = 1,... .k let A;, B; be defined as 4;, B; but with x4 1 + &
in place of x;, 1. One easily has

Bk = Biy1, /ij = Aj for j<k, A~k o Ay

Moreover, because of the fact that the paths of X; cannot cross upwards a maxi-
mal solution implies that

graph(X.) n Ay # &, graph(X.) ¢ By = graph(X)) n 4, # &.
Thus, by inductive assumption
AIII e Aithwln (xla cooy Xiey X1 + Ek+1y Xk+25 -+« ;xn)

= P{graph(X)n A n--- " Ay # &, graph(X.) = Byy1},

from which
A DA G(x, LX)
= P{graph(X.)n 410N Ay # &,
graph(X.) < By, graph(X.) N (Bi11\Bx) # '},
and the conclusion follows, since Ax11 = Bj+1\Bk- [ |
The proof of Theorem 6.1 is concluded. |

Kolmogorov’s extension theorem (see p. 253 of [2]) yields the following:

Theorem 6.2. There exists a stochastic process (Y;,t € [0, T], Q) such that
oY, <x1,..., Y, <x0} = Gy (X1, .., Xp)-

Remark. 1If X, is the process constructed in Section 4, stronger consistency con-
ditions can be proved, which permit us to perform a construction of the proba-
bility measure Q directly in the set of solutions of (4.1), rather than in RO a5
in Kolmogorov’s theorem. This would provide regularity of sample paths together
with existence; however, we think it is simpler to study them separately. Regular-
ity, together with other properties, is the topic of the next section.

6.2. Regularity of Sample Paths of Process Y,

We first prove a result concerning a probability at times ¢, ¢ + 4. We recall that R,
denotes the reachable set of (4.1) at time 7.
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Proposition 6.1. Let h > 0, and assume that, for all x € Uz>0 R,, F(x,U) is con-
vex. Then

O{Y neRy(Y)} =1 (6.6)

Proof. It suffices to show that, for all x,
O(Yin > ¢, (x)| Yi = x) =0, (6.7)
O(Yih < 9 ()| ¥, = x) = 0, (68)

Property (6.7) is obvious by (6.4). To prove (6.8), fix x and a closed interval
[a,b] = (9,4, P14(x)). If & > 0 is sufficiently small,

Q(Yl € [X - 8,X+8], Yt+h € [a7b]) =0.
Indeed,
Q(Yt € [X—S,X—i—é‘], Yt+h € [Cl,b])
= G[’H,h(x + &, b) — G[’H,h(x — &, b) — G[,H,h(x + &, a) + G[,H,h(x — &, a)
= 07
Sil’lC€ G[ﬂ H_h(x + 3, b) - G[, [+h(x — 37 b), and G[, [+h(x + 37 a) = G{7 t+h (X - 8, a),

being ¢ (t,t+h;x+eb)=¢ (t,t+h;x—¢eb) and ¢t (,t+hx+ea)=
o (t,t+ h;x — ¢ a). [ ]

The regularity follows easily:

Theorem 6.3. Let T > 0. Then there exists a version Y, of Y, such that the func-
tiont— Y, te[0,T], is Q-a.s. a solution of x € co F(x, U), x(0) = xy.

Proof. By Proposition 6.1 there exists a full measure set such that, for all Y; in it
and positive ¢, h € @,

dist(Yis — Yo, hF~ (), F*(Y,)]) = o(h).

By uniform continuity, set, for ¢ e [0, T, Y, = limg_s seq Ys. Then Y, is Q-a.s.
Lipschitz, and thus Q-a.s. differentiable for a.e. #; moreover, for a.e. ¢,

. Y- Y .
lim 2 eco F(Y,,U)  Q-as.
h—0+ h

Since a symmetrical argument holds also for /4 < 0, the sample paths of the pro-
cess are a.s. solutions of x € co F(x, U), x(0) = xo. [ |

Assuming F(x, U) is convex, Theorem 6.3 and the following proposition imply

() = 1.

Proposition 6.2. The solution set & of (2.1), (2.2) is measurable with respect to the
o-field generated by the cylinder sets in R,
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Proof. Let L =sup{F(x):xe UIG[O.T] R}. Forn>1,i=1,...,2" set t} =
i27"T, and consider the nested sequence of measurable sets

S, = {x. e ROT] . Xpn € Xp + [03mag (Xip), @7 (x2)], x is L-Lipschitz}.
It is easy to show that & = ﬂn S,,, and therefore ¥ is measurable. |

The following result shows that the support of Q is all of &; thus Q is a rea-
sonable measure on ..

Proposition 6.3. Let & be endowed with the uniform convergence topology. Then
the support of the probability measure Q is the whole of & .

Proof. Observe that every open set in . contains a set from the family

{p, €L 9, (t1yeeostu; X1y ooy Xn) < @ < @ (H1y vy luy Viyevvy yu), V1€ [0, T},

with 0 <f <--- <1, <T, ¢, <x;i <y;<g}, neN. Each of the above sets
clearly has positive probability. |

6.3. The Law of Y,

We consider here the process Y; associated with the X, constructed in Section 4.
Moreover, we require that both p,(&) and F*(x) be of class '; the regularity

of F* ensures that the map (¢,...,6:;;X1,...,%,) — @ (1, ..., ty; X1, ..., Xy) is of
class %'. Under the above assumption, we can compute the joint densities of the
process Y;. In particular, we write ¢, = ¢ (t1,...,ty; x1,...,x,) and set

_ @) [F* () — 9
AU

H,(tl,...,tn;xl,...,xn)

i

i.e. H, is the integrand of the exponent in Gy,..,, (x1,...,x,). Then it holds, for x;
in the interior of R,,, that

and
aGlltz (-xla-xz)
(3)(1
0 it x<g, (x1),

ToH (11, ta; x1,%2)

_ —sz(xl,xz)J p e if xye (g, , (x1), 0., (x1)),
0 X1

T&Hl(tl;xl)

dt if x> ¢Z?,] (Xl).

6X1
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Theorem 6.4. Let T >0 be fixed There exists D < Qx[0,T] such that
(O®A)(D) =T and for all (w,t) € D,

Y e {F(Y,),F*(Y))}. (6.10)
Moreover,
_ T
0F, = F (1) | Yy =) = s P [ HE D (e

so that the law of Y, is nontrivial.

Proof. The set D can be constructed with the same argument as in Theorem 3.1.
Now fix ¢ such that Y; exists a.s., and let 0 < 4 < 1. Set, for y € [p;, ¢, Fi(y) =
AF~(y) 4+ (1 = A)F*(y), and observe that for all /1 > 0 sufficiently small we have
that

Y+ hE(y) € Ri(y)-
Therefore, by (6.9),

O Yy — Yy < hFy(17))

a oG
- j OYiun < v+ HEA) | Y, =) G (5) dy
[
_ r)r an,tJrh(J/vZ) dy
23 0y z=y+hF,(y)
o T oH,(t,t + I p, z
- —J G rn(y, v+ hFl(y))J % dt dy.
or 0 y z=y+hF;(y)

The last expression, for 7 — 0%, tends to

o ToH
-1 G J ——(t, ) dt dy,
J, 6] Gt aas
which does not depend on /. Therefore, the only possibility is (6.10), and the
last expression equals Q(Y; = F~(Y;)). The very same argument as before yields
(6.11). [ |

7. Computations for the Processes Associated with x € [—1,1]

We consider the differential inclusion

x(1) € [—1,+1],
{x(O):O, (7.1)

with the uniform distribution, p, = 1.

The above setting may be considered as a model of “pure bounded noise” (i.e.
a perturbation of the zero dynamics) with complete uncertainty on its statistical
properties. Let X; and Y; be the processes constructed in Sections 4 and 6 for the
case described above.
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7.1. Extinction Probability for X,
Consider the process Z, defined for € R by

X,
Zt - —et .
e
Clearly, Z,€[-1,1] as. Moreover, via a change of variables, we obtain
P(dz, t;w,s) = P(e' dx,e';e*w, e*); hence by (4.4) one obtains

e (w4 1)
€_<1_S)(W _ 1) + 258’“"’)()1’71)#*1 (dZ)

2(1 —e =9y 1, e (w-1)+1(2)
; dz. 7.2
* e = (w—1)+2 e =9(w—-1)+2 - 7

P(dz, t;w,s) =

Note that P(dz, t;w,s) depends on #,s only through 7—s. So Z, is a time-
homogeneous Markov process.
Now we use Z; to show that

P{X,>0,Vte[0,a]} =0 (7.3)

for all a > 0, so that the extinction probability P§ =1 for all a > 0. It is easy to
see that the joint distributions of X; are positively homogeneous with degree 0,
ie.

Fotropty(PX15 -3 pXn) = Fpy (X150, X)

forall p>0,0<t <--- <t x1,...,Xx,. Thus the probability in (7.3) is inde-
pendent of a, and we compute it for « = 1. Note that

X, >0, Vte|0,1] = Z,>0, VneZ, n<O.

So we show
P{Z,>0,Yn<0} =0.

By the Markov property and the time homogeneity of Z; it is enough to show that

sup P(Z1=0|Zy=w) < 1. (7.4)
we[-1,1]

Indeed, P{Z, > 0,VYn < 0} is bounded above by an infinite product of factors, all
equal to the left-hand side of (7.4). By direct computation, using (7.2) we get

o 2(1=eh)
P(Z1>0]Zy=w) = et (w—1) +2)?

0 otherwise.

if e '(w—1)+1=0,

So P(Z, 20|Zy=w) < (1+e1)/2 < 1, concluding the proof of (7.4).

Further properties can be observed. In particular, from (7.3) and P{X, <0,
Vt e[S, T]} = 0, which follows from (5.7), we have that, for all ¢ > 0, X, hits a.s.
0 for infinitely many times ¢ € [0, &].
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Finally, observe that the positive homogeneity of Fj .., (xi,...,x,) together
with (7.3) imply that, for all #,

lim P{X;,>#n,Vte[0,T]} =0 as.,
T—+x
so that a.s. the process leads to extinction.

7.2. Joint Distributions for Y,

A direct computation provides, for x; € [—1, £;]:

Gy, (x1) = exp (2—;2) (7.5)
Gy, (x1,X2)
exp (Z ; Z) for x; € [—t2,x1 — tr + 11),
— exp(jz: I_Z) exp(x2 _;1;;22 + tl) for x, € [x] — ta + 11, x1 + 1 — 11,
exp (2 1 2) for x; € (x1 + 1o — 11, 1]

(7.6)
In the above formulas, we mean e %°=0 for a« >0. In the general case,
Gyt (X1,...,x,) appears as a product of as many factors of the type
eli=(iatti—t))/(ith) a5 s the number of active constraints. If all points are
reachable from the preceding one, i.e. x;11 € Ry, (x;) for all i, we obtain that

n

X; — Xi—1 — li-i-[,',
Gy (X1, -, Xn) = €XP (Z ! 1) , (7.7)

P X+t
where we assume xy = fy = 0.

7.3. The Law of Y,

The same computation of Theorem 6.4 yields that

oY, =-1)= JI b=/ (s+0) L= ds = J+% 67576 dé;
’ _ (t+5)° 0 l+¢7

observe that this value is independent of z. It also follows that
t—a

2t
t+a

2t

QY =-1|Y,=a)=

oY, =1|Y,=a) =
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Fig. 1. 1 — Q,(n) is plotted against 7 (parameters: n = 25, T = 1).

7.4. The Extinction Probability for Y,
Let T > 0 be fixed and let # € (— 7T, T'). We consider the probability

O(3e(0,7): Yo <y} =1- Q(¥, = n,Vie[0,T])
=1—1lim Q{Yir/y =n:Vi=1,...,n}.

Set Q,(n) = Q{Yizyn =n:Vi=1,...,n}. Thanks to the regularity of trajec-
tories and the knowledge of joint distributions, all Q, are known. Figure 1 shows
1 — Q,(n) plotted against #.

8. Conclusions

In this paper we give results on probabilistic modeling for bounded noise. The
aim is to contruct stochastic processes satisfying the following two requirements:

(1) The support of the distribution of the process on its path space coincides
with the set of solutions of a differential inclusion;

(2) many features of the process can be analyzed by explicit computations, via
its finite-dimensional distributions.

We have shown that Markov processes are not suitable models for these purposes.
In fact, Markov processes with absolutely continuous trajectories are solutions, in
the Carathéodory sense, of a deterministic differential equation: “‘randomness”
may only arise from the nonuniqueness of the solution.

We have constructed non-Markovian processes that satisfy requirements (1) and
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(2) for a scalar differential inclusion. Having fixed the differential inclusion, there
are still several degrees of freedom in the choice of the related stochastic process,
making this class of process quite flexible for identification and estimation.

The construction presented in this paper relies on the total order of the real
line. Extension to higher dimensions or to partially ordered sets is currently under
investigation.

Acknowledgement. We thank an anonymous referee for sharp and constructive
criticisms.
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